A characterization of recognizable picture languages by tilings by finite sets^y

David Simplot

January 8, 2002

C.N.R.S. U.A. 369, L.I.F.L. Université de Lille I Bât. M3, Cité Scientifique 59655 Villeneuve d’Ascq Cedex, FRANCE

e-mail : simplot@lifl.fr

Abstract

As extension of the Kleene star to pictures, we introduce the operation of tiling. We give a characterization of recognizable picture languages by intersection of tilings by finite sets of pictures.

1 Introduction

In this paper, we considerer picture languages as sets of rectangular arrays of symbols. Many formalisms have been introduced to generalize the notion of recognizable languages to the case of picture languages. In [6], D. Giammarresi and A. Restivo introduce the notion of local picture languages which is direct extension of local string languages. They then define recognizable picture languages by projection of local picture languages — that is a well-known property in string languages.

This class is very interesting since it corresponds to the class of picture languages recognizable by a particular class of cellular automata called on-line tessellation automata [13], and to the class of picture languages definable by existential expressions in monadic second-order logic [9]. A survey of the topic is given in the “Handbook of Formal Languages” [8].

In the string language theory, it is well known [4, 14, 15, 19] that any recognizable string language can be obtained by projection of the intersection of the star of two finite languages. Formally, if a string language R over Σ is recognizable, there exist two finite string languages A and B over an alphabet Σ^′ and a letter-to-letter morphism φ : Σ^{′∗} → Σ^∗ such that:

yThis work was partially supported by PRC/GDR AMI “Modèles et Outils pour les SYs-

tèmes DIStribués”

R^∗ = φ(A^∗ ∩ B^∗)

It turns out that for any R ⊆ Σ^∗, R is recognizable if and only if there exist a letter-to-letter morphism φ : Σ^{′∗} → Σ^∗ and two finite sets A, B ⊂ (Σ^′ ∪ {#})^∗ such that: R = {φ(ω) | #ω# ∈ A^∗ ∩ B^∗} We are interested in finding a similar characterization of recognizable picture languages. To do that, we need to extend the Kleene star to pictures. We propose a extension in terms of tilings. Given a picture language L, the Kleene star of L, denoted by L^{∗∗} of this language is the set of all pictures that can be tiled by pictures of L.

2 Preliminaries and notations

We assume the reader to be familiar with basic formal language theory (see [3, 5] for more precisions). For picture languages, we recall some definitions from [8]. Let Σ be a finite alphabet. A picture over Σ is a two-dimensional rectangular array of letters of Σ. We denote the set of all pictures over Σ by Σ^{∗∗}.

For a picture p of size (n, m), where n is the number of rows and m the number of columns of p, we denote by p(i, j) the letter of Σ which occurs in i^{th} row and j^{th} column (starting in the left-top corner). The set of all the pictures over Σ of size (n, m) is denoted by Σ^{n,m}. We denote by p̃, also called bounded picture of p, the (n + 2, m + 2) picture over Σ ∪ {#}, where # is a special letter which does not belong to Σ, defined by:

1. ∀1 ≤ i ≤ n + 2 p̃(i, 1) = p̃(i, n + 2) = #

2. ∀1 ≤ j ≤ m + 2 p̃(1, j) = p̃(m + 2, j) = # 3. ∀2 ≤ i ≤ n + 1, 2 ≤ j ≤ m + 1 p̃(i, j) = p(i − 1, j − 1) For instance, if we consider the alphabet Σ = {a, b, c}, we have for the picture p :

p = a b a b c c p̃ =

# # # # # # a b a # # b c c # # # # # #

Let p be a picture of size (n, m) over an alphabet Σ. For r ≤ n and s ≤ m, we denote by T_{r,s}(p) the set of the (r, s) sub-pictures of p:

T_{r,s}(p) = { q ∈ Σ^{r,s} | ∃ 0 ≤ x ≤ n − r, 0 ≤ y ≤ m − s ∀1 ≤ i ≤ r, 1 ≤ j ≤ s q(i, j) = p(x + i, y + j) }

With pictures we have two concatenation products. Let p be a (n, m) picture and p^′ be a (n^′, m^′) picture. The row concatenation of p with p^′, that is denoted by p�p^′, is defined if and only if m = m^′ and is the (n+n^′, m) picture satisfying: ∀1 ≤ i ≤ n ∀1 ≤ j ≤ m (p � p^′)(i, j) = p(i, j) ∀1 ≤ i ≤ n^′ ∀1 ≤ j ≤ m (p � p^′)(n + i, j) = p^′(i, j) In the same way, the column concatenation of p with p^′, that is denoted by

p � p^′, is defined if and only if n = n^′ and is the (n, m + m^′) picture satisfying: ∀1 ≤ i ≤ n ∀1 ≤ j ≤ m (p � p^′)(i, j) = p(i, j) ∀1 ≤ i ≤ n ∀1 ≤ j ≤ m^′ (p � p^′)(i, m + j) = p^′(i, j) We also define a clock-wise rotation over pictures. Let p ∈ Σ^{m,n} be a picture.

The rotation of p, denoted by P^R is a picture over Σ of size (n, m) such that:

p^R = p_{m,1} . . . p_{1,1} . . . . p_{m,n} . . . p_{1,n} A picture language over Σ is a subset of Σ^{∗∗}. The operation of concatenation and rotation are extended to languages. Let L and K be two picture languages. L � K = {p � q | p ∈ L, q ∈ K} L � K = {p � q | p ∈ L, q ∈ K} L^R = {p^R | p ∈ L} Iteration of column concatenation or row concatenation define the star operators. Let L be a picture language.

L�^1 = L L�^{i+1} = L � L�^i L�^∗ = ⋃ i≥1 L�^i L�^1 = L L�^{i+1} = L � L�^i L�^∗ = ⋃ i≥1 L�^i Let L be a picture language. We define T_{r,s}(L) = ⋃ p∈L T_{r,s}(p). The definition of local picture languages is a direct extension of the notion of local string languages.

Definition 2.1 Let L be a picture language over Σ. The language L is local if there exists a set Δ of (2, 2) pictures over Σ ∪ {#} such that L = {p ∈ Σ^{∗∗} | T_{2,2}(p̃) ⊆ Δ}.

The class of all local picture languages over an alphabet Σ is denoted by Loc(Σ^{∗∗}).

We know that every recognizable string language is the image by a letter-to-letter morphism of a local string language. We then need to define mapping in pictures. Let Σ and Σ^′ be two finite alphabets and let π : Σ → Σ^′ be a mapping. The projection by π of a picture p ∈ Σ^{n,m} is the picture p^′ ∈ Σ^{′n,m} such that for all 1 ≤ i ≤ n, 1 ≤ j ≤ m p^′(i, j) = π(p(i, j)). We denote p^′ = π(p). By extension, we denote by π(L) the projection by mapping by π of the language L over Σ and π(L) = {p^′ ∈ Σ^{′∗∗} | ∃p ∈ L p^′ = π(p)}.

Definition 2.2 Let L be a picture language over Σ. The language L is recognizable if there exist a local picture language L^′ over Σ^′ and a mapping π : Σ^′ → Σ such that L = π(L^′).

The set of all recognizable picture languages over an alphabet Σ is denoted by Rec(Σ^{∗∗}). In [16], we also give a finer characterization of recognizable picture languages by using the so-called hv-local picture languages.

Definition 2.3 Let L ⊆ Σ^{∗∗} be a picture language. The language L is hv-local if there exists a set Δ of horizontal and vertical dominoes over Σ ∪ {#} such that L = {q ∈ Σ^{∗∗} | T_{1,2}(q̃) ∪ T_{2,1}(q̃) ⊆ Δ}.

The set of all hv-local picture languages over an alphabet Σ is denoted by hv-Loc(Σ^{∗∗}).

Proposition 2.4 Let L ⊆ Σ^{∗∗} be a picture language. The language L is recognizable if and only if there exist a hv-local picture language L^′ over Σ^′ and a mapping π : Σ^′ → Σ such that L = π(L^′).

The main implication of this result is the possibility of treating recognizable picture languages with well-known tools of string language theory by using rowcolumn combination (for more details, see [16]).

Definition 2.5 Let A and B be two string languages over an alphabet Σ. The row-column combination of A and B, denoted by A ⊕ B, is the picture language containing all pictures p such that: all rows of p (taken as string) belong to A and all columns of p (taken as string from top to bottom) belong to B.

Proposition 2.6 Let L be a picture language over Σ. The picture language L is recognizable if and only if there exist two recognizable string languages A and B over an alphabet X and a projection π from X into Σ such that L = π(A⊕B).

The class Rec(Σ^{∗∗}) contains finite picture languages and is closed by concatenation, star operators, union, intersection and rotation.

The last tool we need is the Cartesian product of two picture languages.

Definition 2.7 Let p ∈ Σ^{∗∗} and q ∈ Σ^{′∗∗} be two pictures. The Cartesian product of p and q, denoted by p ⊗ q, is defined only if size(p) = size(q) and is the picture f ∈ (Σ × Σ^′)^{∗∗} of the same size satisfying: ∀1 ≤ i ≤ row(p), 1 ≤ j ≤ col(p) f(i, j) = (p(i, j), q(i, j)) Let L ⊆ Σ^{∗∗} and K ⊆ Σ^{′∗∗} be two picture languages. The Cartesian product of L and K is the picture language over Σ × Σ^′ defined by: L ⊗ K = {f ∈ (Σ × Σ^′)^{∗∗} | ∃p ∈ L, q ∈ K f = p ⊗ q}

Proposition 2.8 Let L ∈ Rec(X^{∗∗}) and K ∈ Rec(Y^{∗∗}) be two recognizable picture languages. The language L ⊗ K is a recognizable picture language over X × Y . 3 An example of recognizable language

Before continuing, and in order to manipulate the tools we have introduced, we are going to treat the k-queens problem by showing that the set of pictures which represent chessboards (squares) of any size where there are as many queens as rows and such that no queen strike another queen is a recognizable picture language. This example is inspired by [17] where the 8-queens problem is treated.

For instance, with the alphabet Σ = { , , , }, the two following pictures are in this language we denote L:

For the moment, we forget the colors of the chessboard and we study only the positions of the queens. In the associated local language, denoted by L^′_1, it suffices to mark the struck squares with arrows designed by X = {↑, ↗, → , ↘, ↓, ↙, ←, ↖}. For instance, the strikes of the higher queens in the 5 × 5 chessboard are noted: ← ← → → ↙ ↓ ↘ ↙ ↓ ↘ ↓ ↓ Since a square can be (and should be) struck by several queens, we use the subsets of X that we denote by Y = 2^X . For the chessboard of the previous example, we have:

↑← ↑← ↑↗→↖ ↑↗→ ↑←↖ ↑↙← ↗↓← ↑↗↘← ↑↙← ↗→↓ ↑→↙ ↗→↓ ↑↙← ↗↓← ↘↓↙← →↓ →↓↙ →↓↙ →↘↓ →↘↓ It suffices, then to verify (a) that from each queen starts all arrows, (b) that each arrow comes from an arrow in the same direction or from a queen, (c) that no arrow strike a queen and (d) that each arrow points an arrow in the same direction or a border. All these verifications are clearly local. We note L_1 the image of this local by the projection which associates a white square with letters of Y and a queen with a queen (we note Σ^′ = { , }); this recognizable language contains all pictures of Σ^{′∗∗} where no queen is checked.

Nevertheless, we have to verify that we have a square and that there is as many queens as lines. To do that, we build a language L_2 which contains all squares that have a queen by line and by column. We define L_2 =^{∗ ∗} ⊕ ∗ ∗ and L_3 = L_1 ∩ L_2. And yet, we just have to color the chessboard. We use the Cartesian product of L_3 with L_4 which contains all chessboards (with no queen and of size greater than (2, 2)) over the alphabet Σ^{′′} = { , }. We define:

L^′_4 = �∗ �∗

In order to obtain L_4, it suffices to take:

L_4 = L^′_4 ∪

L^′_4 ∪ L^′_4 � �∗ � ( �_∗ ∪ �∗ � )

We define L_5 = L_3 ⊗L_4 which is recognizable and we consider the projection π from Σ^′ × Σ^{′′} into Σ :

π(( , )) = π(( , )) = π(( , )) = π(( , )) =

We have L = π(L_5) which is a recognizable picture language.

4 Tiling operations

In order to define tilings using a set of pictures, we can use concatenation and star operations we have already seen. Nevertheless, as we can see in the following example, these definitions do not correspond to the intuitive idea of tiling.

Example. We consider the picture language L which contains pictures with the following shape:

L = , , , Hence, (L�^∗)�^∗ and (L�^∗)�^∗ do not contain the picture p with the shape:

p =

In fact, p belongs to (L�^∗)�^∗ if there exist in L�^∗ i pictures p_1, p_2, . . ., p_i such that p = p_1 � p_2 � . . . � p_i. But for p, there is a unique vertical factorization:

p = �

and the first picture does not belong to L�^∗.

We can define another star operation we denote by �^∗.

Definition 4.1 Let L ⊆ Σ^{∗∗} be a picture language. We define:

1. L�^1 = L,

2. L�^{i+1} = L�^i ∪ L�^i � L�^i ∪ L�^i � L�^i,

3. L�^∗ = ⋃ i≥1 L�^i.

Example. We consider the picture set L and the picture p from the previous example, we have p ∈ L�^∗, since:

, ∈ L�^2 ⇒ ∈ L�^3

and

∈ L�^3 ⇒ p ∈ L�^4 ⊂ L�^∗

Nevertheless, the following picture p^′ does not belong to L�^∗ since it cannot be obtained by concatenation of pictures of L:

p^′ =

A coherent “tiling” which contains pictures like the one given in the example consists in finding a partition of the picture where each component is a picture of the first set.

Definition 4.2 Let p be a picture of Σ^{∗∗}. A sub-domain of p is a set with the form {x, . . ., x^′} × {y, . . . , y^′} such that 1 ≤ x ≤ x^′ ≤ row(p) and 1 ≤ y ≤ y^′ ≤ col(p). We denote by D(p) the set of all sub-domain of p.

Let d = {x, . . ., x^′} × {y, . . . , y^′} ∈ D(p) be a sub-domain of p. The subpicture of p associated with d, denoted by spic(p, d), is the picture of size (x^′ − x + 1, y^′ − y + 1) such that:

∀1 ≤ i ≤ x^′ − x + 1 ∀1 ≤ j ≤ y^′ − y + 1 spic(p, d)(i, j) = p(x + i − 1, y + j + 1)

Example. With the alphabet Σ = {a, b, c}, the picture:

p = b c a b b a a a b c a c a b a c a b c a c a c a and the sub-domain d = {2, 3, 4} × {3, 4}, we have:

spic(p, d) = b c a c c a

Definition 4.3 Let L be a picture language over Σ. The set of all tilings by L, also called L-tilings and denoted by L^{∗∗}, is the picture language which contains all pictures p satisfying: ∃d_1, . . ., d_k ∈ D(p) a partition of {1, . . . , row(p)} × {1, . . ., col(p)} such that ∀1 ≤ i ≤ k spic(p, d_i) ∈ L This definition is coherent with the usual notion of tiling used, for example, to tile polyominoes or the plane [1, 2, 10, 11, 12]. O. Matz defines other kind of “tilings” obtained by concatenation in [18].

Note that if the pictures of L have the same size, we have (L�^∗)�^∗ = (L�^∗)�^∗ = L�^∗ = L^{∗∗}; then the notation L^{∗∗} is coherent with the fact that Σ^{∗∗} denotes the set of all possible pictures over the alphabet Σ.

5 Closure of recognizable languages by tiling

D. Giammarresi and A. Restivo have shown in [7] that the set of all pictures obtained by tiling by a finite set of polyominoes is recognizable. With the same idea, it is straightforward to see that the language obtained by tiling by a finite picture language is also recognizable. In this section we extend this result to tilings by a recognizable picture languages.

Proposition 5.1 Let L ∈ Rec(Σ^{∗∗}) be a recognizable picture language. The language L^{∗∗} is recognizable.

Proof: It is clear that it suffices to show that the L-tiling with L hv-local is recognizable. Let L ∈ hv-Loc(Σ^{∗∗}) a hv-local picture language. We denote by Δ the set of authorized dominoes of L.

Let C_4 be the picture language over X = {1, 2, 3, 4} where each 4-connected component (of the same color) is a rectangle. The language C_4 is local. The associated authorized domino set is Θ defined by:

Θ = a b c d | a, b, c, d ∈ X ∪ {#} ∀x ∈ X |a.b.c.d|_x ≠ 3

It means that tiles with exactly three identical letters are prohibited. For instance, the following tiles do not belong to Θ: 1 1 3 1 , 2 4 4 4 , 3 3 3 4 , 4 2 2 2 Let p be a picture and a partition of p. Since the graph which links neighboring (considering the Von Neuman’s neighboring) components of the partition is a planar graph, we can color this graph with 4 colors. It follows that for each partition, we can find a corresponding picture in C_4. At reversal, to each picture of C_4 corresponds a partition:

↔ 1 2 2 2 2 1 1 2 2 2 2 3 1 3 4 4 4 3 2 2 4 4 4 3 2 2 4 4 4 2

Let K be the picture language Σ^{∗∗} ⊗ C_4. By using Proposition 2.8, we know that K is recognizable. We define a set of dominoes Δ^′ = Δ^′_h ∪ Δ^′_v constructed from Δ:

Δ^′_h = { (a, i) (b, i) | a, b ∈ Σ, i ∈ X a b ∈ Δ }

∪ { # (a, i) | a ∈ Σ, i ∈ X # a ∈ Δ }

∪ { (a, i) # | a ∈ Σ, i ∈ X a # ∈ Δ }

∪ { (a, i) (b, j) | a, b ∈ Σ, i ≠ j ∈ X a # , # b ∈ Δ }

Δ^′_v = (a, i) (b, i) | a, b ∈ Σ, i ∈ X a b ∈ Δ

∪ # (a, i) | a ∈ Σ, i ∈ X # a ∈ Δ

∪ (a, i) # | a ∈ Σ, i ∈ X a # ∈ Δ

∪ (a, i) (b, j) | a, b ∈ Σ, i ≠ j ∈ X a # , # b ∈ Δ

Let K^′ the subset of K defined by:

K^′ = {p ∈ K | T_{1,2}(p̃) ∪ T_{2,1}(p̃) ⊆ Δ^′}

The tiles of Δ^′ simply verify that two adjacent cells in the same component — colored with the same letter of X — can appear in L and that two adjacent cells which are not in the same component can be placed in the border in L. It is straightforward to see that K^′ is recognizable. That follows that the image of K^′ by the projection π : Σ × X → Σ which associates a with (a, i) is also recognizable. It is clear that L^{∗∗} = π(K^′) ∈ Rec(Σ^{∗∗}). 2

We can notice that it is an open question to know whether or not the class Rec is closed by the operation � � ∗.

6 Characterization of recognizable picture languages

In the string language theory, it is well known [4, 14, 15, 19] that any recognizable string language can be obtained by projection of the intersection of the star of two finite languages. Formally, if a string language R over Σ is recognizable, there exist two finite string languages A and B over an alphabet Σ^′ and a letter-to-letter morphism φ : Σ^{′∗} → Σ^∗ such that:

R^∗ = φ(A^∗ ∩ B^∗)

It turns out that for any R ∈ Rec(Σ^∗), there exist a letter-to-letter morphism φ : Σ^{′∗} → Σ^∗ and two finite sets A, B ⊂ (Σ^′ ∪ {#})^∗ such that: R = {φ(ω) | #ω# ∈ A^∗ ∩ B^∗} In this section, we try to extend this result to two-dimensional case by using the operation of tiling we have defined.

Proposition 6.1 Let L ⊆ Σ^{∗∗} a picture language. The language L is recognizable if and only if there exist two (finite) sets of (Σ^′ ∪ {#})^{2,2} ∪ { # } denoted by A_1, and A_2 and a projection π : Σ^′ → Σ such that: L = {π(p) | p̃ ∈ A^{∗∗}_1 ∩ A^{∗∗}_2 }

Proof: Since the family of recognizable picture language contains finite sets and is closed by tiling, intersection and projection, it is clear that the left-to-right implication is true. Conversely, it suffices to show that for any hv-local picture language L, we can construct the sets A_1, A_2 and the projection π which satisfy the property. We denote by Δ the set of authorized dominoes in L, and from Δ we define the set Δ^′ of authorized (2, 2) tiles in L (any hv-local language is local):

Δ^′ = {p ∈ (Σ ∪ {#})^{2,2} | T_{2,1}(p) ⊆ Δ ∧ T_{1,2}(p) ⊆ Δ}

The idea of the proof is similar to the one in string languages. From the local language we construct the sets A_1 and A_2 so that for all bounded picture the tiling by A_1 begins on the (1, 1) cell and the tiling by A_2 on the (2, 2) cell. To do this, we color the cells with four distinct colors.

We define:

Σ^′ = {a_1, a_2, a_3, a_4 | a ∈ Σ}

The index corresponds to “colors” we impose to square. We want to obtain a coloring like:

# # # # # # # # −_1 −_2 −_1 −_2 −_1 # # −_3 −_4 −_3 −_4 −_3 # # −_1 −_2 −_1 −_2 −_1 # # −_3 −_4 −_3 −_4 −_3 # # # # # # # #

We denote by π the projection from (Σ^′ ∪{#}) → (Σ∪{#}) which associates # with # and a with a_i ∈ Σ^′. We design by Σ_i the set of all letters of Σ^′ whose index is i (i ∈ {1, 2, 3, 4}).

Only the tilings by A_1 can begin on (1, 1):

A_1 = π^{−1}(Δ^′) ∩ a b c d | a ∈ {#} ∪ Σ_4 b ∈ {#} ∪ Σ_3 c ∈ {#} ∪ Σ_2 d ∈ {#} ∪ Σ_1 ∪ { # }

And the tiling by A_2 should begin on (2, 2):

A_2 = π^{−1}(Δ^′) ∩ a b c d | a ∈ {#} ∪ Σ_1 b ∈ {#} ∪ Σ_2 c ∈ {#} ∪ Σ_3 d ∈ {#} ∪ Σ_4

\ # a # b | a ∈ {#} ∪ Σ_4 b ∈ {#} ∪ Σ_2

\ # # a b | a ∈ {#} ∪ Σ_4 b ∈ {#} ∪ Σ_3 ∪ { # } Let p^′ be a picture of Σ^{′m,n} such that p̃^′ belongs to A^{∗∗}_1 . We have:

∀p^′ ∈ Σ^{′m,n} p̃′ ∈ A^{∗∗}_1 ⇓ ∀2 ≤ i ≤ m + 1 ∀2 ≤ j ≤ n + 1 p̃′(i, j) ∈ Σ_1 ⇒ p̃′(i − 1, j − 1) p̃′(i − 1, j) p̃′(i, j − 1) p̃′(i, j) ∈ A^1 p̃′(i, j) ∈ Σ_2 ⇒ p̃′(i − 1, j) p̃′(i − 1, j + 1) p̃′(i, j) p̃′(i, j + 1) ∈ A^1 p̃′(i, j) ∈ Σ_3 ⇒ p̃′(i, j − 1) p̃′(i, j) p̃′(i + 1, j − 1) p̃′(i + 1, j) ∈ A^1 p̃′(i, j) ∈ Σ_4 ⇒ p̃′(i, j) p̃′(i, j + 1) p̃′(i + 1, j) p̃′(i + 1, j + 1) ∈ A^1

(P1)

In the same way, if p^′ belongs to A^{∗∗}_2 , we have: ∀p^′ ∈ Σ^{′m,n} p̃′ ∈ A∗∗_2 ⇓ ∀2 ≤ i ≤ m + 1 ∀2 ≤ j ≤ n + 1 p̃′(i, j) ∈ Σ_4 ⇒ p̃′(i − 1, j − 1) p̃′(i − 1, j) p̃′(i, j − 1) p̃′(i, j) ∈ A^2 p̃′(i, j) ∈ Σ_3 ⇒ p̃′(i − 1, j) p̃′(i − 1, j + 1) p̃′(i, j) p̃′(i, j + 1) ∈ A^2 p̃′(i, j) ∈ Σ_2 ⇒ p̃′(i, j − 1) p̃′(i, j) p̃′(i + 1, j − 1) p̃′(i + 1, j) ∈ A^2 p̃′(i, j) ∈ Σ_1 ⇒ p̃′(i, j) p̃′(i, j + 1) p̃′(i + 1, j) p̃′(i + 1, j + 1) ∈ A^2

(P2)

Let a ∈ Σ^′ be the top left letter of p^′: a = p̃^′(2, 2). This letter can belong to Σ_1 or Σ_2. Nevertheless by using definitions of the A_i and the properties (Pi) (i ∈ {1, 2}), we show that the only possible case is a ∈ Σ_1. In fact, if a ∈ Σ_i with i ∈ {1, 2}, allowing to (Pi), we have: # # # a ∈ A_i Since such tiles only occur in A_1, a belongs to Σ_1.

With the same reasoning, we show that if p̃^′ belongs to A^{∗∗}_i for i ∈ {1, 2}, we have:

∀1 ≤ 2i + 1 ≤ m ∀1 ≤ 2j + 1 ≤ n p̃′(2i + 1, 2j + 1) p̃′(2i + 1, 2j + 2) p̃′(2i + 2, 2j + 1) p̃′(2i + 2, 2j + 2) ∈ A^1 ∀1 ≤ 2i ≤ m ∀1 ≤ 2j ≤ n p̃′(2i, 2j) p̃′(2i, 2j + 1) p̃′(2i + 1, 2j) p̃′(2i + 1, 2j + 1) ∈ A^2 (P)

Example. For the picture p^′ whose bounded picture belongs to the respective tilings by A_1 and A_2:

p^′ = a_1 b_2 b_1 a_2 c_1 a_3 c_4 a_3 b_4 c_3 b_1 b_2 c_1 c_2 c_1 c_3 a_4 b_3 c_4 b_3

This different tilings are: # # # a_1 # # b_2 b_1 # # a_2 c_1 # # # a_3 # b_1 c_4 a_3 b_2 c_1 b_4 c_3 c_2 c_1 # # # c_3 # # a_4 b_3 # # c_4 b_3 # # # #

∈ A^{∗∗}_1

and # # # # # # # # # a_1 b_2 a_3 c_4 b_1 a_2 a_3 b_4 c_1 # c_3 # # # b_1 b_2 c_3 a_4 c_1 c_2 b_3 c_4 c_1 # b_3 #

# # # # # # #

∈ A^{∗∗}_2

In other words, the property (P) means that all sub-pictures in T_{2,2}(p̃^′) are in a A_i. The picture p = π(p^′) ∈ Σ^{∗∗} is so a picture of K since we have:

T_{1,2}(p̃) ⊆ π(T_{1,2}(A_1)) ⊆ T_{1,2}(Δ^′) ⊆ Δ T_{2,1}(p̃) ⊆ π(T_{2,1}(A_1)) ⊆ T_{2,1}(Δ^′) ⊆ Δ

It turns out that p is a picture of L.

Conversely, for an arbitrary picture p ∈ L, it is easy to construct a picture p^′ ∈ π^{−1}(p) such that p̃^′ belongs to A^{∗∗}_1 and A^{∗∗}_2 — it suffices to choose the good “colors”. 2

By using the definition of recognizable picture languages by row-column combination (see Definition 2.5 and Proposition 2.6) by recognizable string languages, we obtain directly the following proposition.

Proposition 6.2 Let L ⊆ Σ^{∗∗} be a picture language. The language L is a recognizable picture language if and if there exist two (finite) sets of pictures of (Σ^′ ∪ {#})^{1,2} ∪ { # } denoted by A_1 and A_2, two (finite) sets of pictures of (Σ^′ ∪ {#})^{2,1} ∪ { # } denoted by A_3 and A_4 and a projection π : Σ^′ → Σ such that: L = {π(p) | p̃ ∈ A^{∗∗}_1 ∩ A^{∗∗}_2 ∩ A^{∗∗}_3 ∩ A^{∗∗}_4 } 7 Strict tilings

In this section, we are interested in characterization of recognizable picture languages by the intersection of tilings by one-dimensional finite picture languages. We need to introduce some technical definitions and properties to obtain this results.

A k-uple (A_1, . . . , A_k) of picture languages over Σ is called a k-tiling. The picture language defined by this k-tiling is denoted by L(A_1, . . . , A_k) and is defined by: L(A_1, . . . , A_k) = {p ∈ Σ^{∗∗} | p̃ ∈ A^{∗∗}_1 ∩ . . . ∩ A^{∗∗}_k } Definition 7.1 Let (A_1, . . . , A_k) be a k-tiling over an alphabet Σ. This k-tiling is called strict if L(A_1 ∪ a , . . . , A_k ∪ a ) = L(A_1, . . . , A_k) ∪ a^{∗∗} where a is a new letter which does not belong to Σ.

It means that in the k-tiling, letters of Σ cannot be mixed with other symbols. The following assertion clearly holds.

Assertion 7.2 Let (A_1, . . ., A_k) be a strict k-tiling. The k-tiling (A^R_1 , . . . , A^R_k ) is strict and:

L(A^R_1 , . . . , A^R_k ) = L(A_1, . . . , A_k)^R

Proposition 7.3 Let L, K be two picture languages of Σ^{∗∗} such that L = π(L(A_1, . . . , A_k)) and K = σ(L(B_1, . . . , B_k)) where the k-uples (A_1, . . ., A_k) and (B_1, . . . , B_k) are two strict k-tilings. Then, there exists a strict k-tiling (C_1, . . . , C_k) such that L ∪ K = ψ(L(C_1, . . . , C_k)).

Proof: We give the construction of (C_1, . . . , C_k) and ψ. We can suppose that the alphabets Σ_1 and Σ_2, of (A_1, . . . , A_k) and (B_1, . . . , B_k), respectively, are disjoint. We take C_i = A_1 ∪ B_i.

It is clear that if p ∈ L(C_1, . . . , C_k), then p ∈ Σ^{∗∗}_1 or p ∈ Σ^{∗∗}_2 . In fact, let p contains some letters of Σ_1 and Σ_2. Let p^′ be the image of p by the projection which replace the letters of Σ_2 by a letter a which does not belong to Σ_1. We have: p^′ ∈ L(A_1 ∪ a , . . . , A_k ∪ a ) There is a contradiction if p contains letters of both Σ_1 and Σ_2. It suffices to define ψ by ψ(a) = π(a) if a ∈ Σ_1 and ψ(a) = σ(a) if a ∈ Σ_2. 2 It is easy to deduce the following weaker result.

Proposition 7.4 Let L, K be two picture languages of Σ^{∗∗} such that L = π(L(A_1, . . . , A_k)) and K = σ(L(B_1, . . . , B_k)) where (A_1, . . . , A_k) is a k-tiling and (B_1, . . . , B_k) a strict k-tilings. Then, there exists a k-tiling (C_1, . . . , C_k) such that L ∪ K = ψ(L(C_1, . . . , C_k)).

The first characterization with one-dimensional sets uses three sets of dominoes.

Lemma 7.5 Let L ∈ hv-Loc(Σ^{∗∗}) be a hv-local picture language containing only pictures of height greater than one. There exists a strict 3-tiling with three (finite) sets of pictures of (Σ^′ ∪ {#})^{1,2} ∪ (Σ^′ ∪ {#})^{2,1} ∪ { # } denoted by A_1, A_2 and A_3, and a projection π : Σ^′ → Σ such that:

L = π(L(A_1, A_2, A_3))

Proof: We denote by Δ the authorized domino set associated with L. First, we define an alphabet Γ and a projection φ from Γ ∪ {#} into Σ ∪ {#}:

Γ = { p ∈ (Σ ∪ {#})^{3,3} | T_{2,1} ∪ T_{1,2} ⊆ Δ } \{#�^3 � Σ^{1,3} � #�^3}

and for all a ∈ Γ we define φ(a) = a(2, 2) and φ(#) = #. We remove from Γ the picture of size (3, 3) with three # on the top row and on the bottom row in order to prevent pictures with only one row.

We define the domino set Θ over Γ:

Θ = a b | a, b ∈ Γ ∀1 ≤ i ≤ 2, 1 ≤ j ≤ 3 a(i + 1, j) = b(i, j)

∪ # a | a ∈ Γ ∀1 ≤ i ≤ 3 a(1, i) = #

∪ a # | a ∈ Γ ∀1 ≤ i ≤ 3 a(3, i) = #

∪ { a b | a, b ∈ Γ ∀1 ≤ i ≤ 3, 1 ≤ j ≤ 2 a(i, j + 1) = b(i, j) }

∪ { # a | a ∈ Γ ∀1 ≤ i ≤ 3 a(i, 1) = # }

∪ { a # | a ∈ Γ ∀1 ≤ i ≤ 3 a(i, 3) = # }

It is easy to see that: a b ∈ Θ ⇒ φ(a) φ(b) ∈ Δ a b ∈ Θ ⇒ φ(a) φ(b) ∈ Δ (1)

As in the proof of the Proposition 6.1, we are going to color the picture in order to impose tilings to have a particular disposition. The tilings by A_1 will be composed of vertical dominoes and will start on the first row; the tilings by A_2 will be also composed of vertical dominoes but will start on the second row; the tilings by A_3, which will contain horizontal dominoes, will start on the first column for even row and on second column for odd row.

We use four colors and we define the alphabet Γ^′ = {a_i | a ∈ Γ, i ∈ {1, 2, 3, 4}}. We want to obtain a colouring like the following one:

# # # # # # # # −_1 −_2 −_1 −_2 −_1 # # −_3 −_4 −_3 −_4 −_3 # # −_1 −_2 −_1 −_2 −_1 # # −_3 −_4 −_3 −_4 −_3 # # # # # # # #

We denote by ψ the projection from (Γ^′ ∪{#}) → (Γ∪{#}) which associates # with # and a with a_i ∈ Γ^′. We design by Γ_i the set of all letters of Γ^′ whose index is i (i ∈ {1, 2, 3, 4}).

The tree tilings are defined by:

A_1 = a b ∈ ψ^{−1}(Θ) | a ∈ Γ_3 ∪ {#}, b ∈ Γ_1 ∪ {#}

∪ a b ∈ ψ^{−1}(Θ) | a ∈ Γ_4 ∪ {#}, b ∈ Γ_2 ∪ {#} ∪ { # }

A_2 = a b ∈ ψ^{−1}(Θ) | a ∈ Γ_1 ∪ {#}, b ∈ Γ_3 ∪ {#}

∪ a b ∈ ψ^{−1}(Θ) | a ∈ Γ_2 ∪ {#}, b ∈ Γ_4 ∪ {#} ∪ { # }

\ # a | a ∈ Γ_3 ∪ Γ_4

A_3 = { a b ∈ ψ^{−1}(Θ) | a ∈ Γ_2 ∪ {#}, b ∈ Γ_1 ∪ {#} }

∪ { a b ∈ ψ^{−1}(Θ) | a ∈ Γ_3 ∪ {#}, b ∈ Γ_4 ∪ {#} } ∪ { # } \ { # a | a ∈ Γ_4 }

Then, we have: a b ∈ A_1 ∪ A_2 ⇒ ψ(a) ψ(b) ∈ Θ a b ∈ A_3 ⇒ ψ(a) ψ(b) ∈ Θ (2)

Let π be the mapping from Γ^′ ∪ {#} into Σ ∪ {#} defined by π = φ ∘ ψ. By using the properties (1) and (2), we obtain: a b ∈ A_1 ∪ A_2 ⇒ π(a) π(b) ∈ Δ a b ∈ A_3 ⇒ π(a) π(b) ∈ Δ (3)

With this definitions of A_1, A_2, A_3 and π, we show that: 1. A_1, A_2 and A_3 define a 3-tiling satisfying the desired colouring; 2. for a picture p^′ ∈ Γ^{′∗∗}, if p̃′ ∈ A∗∗_1 ∩ A∗∗_2 ∩ A∗∗_3 then p = π(p′) belongs to L; 3. for a picture p ∈ L, there exists a picture p^′ ∈ π^{−1}(p) such that p̃^′ ∈ A^{∗∗}_1 ∩ A^{∗∗}_2 ∩ A^{∗∗}_3 ; (4) the 3-tiling is strict.

We use the three following properties which are deduced from the definitions of A_1, A_2 and A_3.

∀p^′ ∈ Γ^{′m,n} p̃′ ∈ A^{∗∗}_1 ⇓ ∀2 ≤ i ≤ m + 1 ∀2 ≤ j ≤ n + 1 p̃′(i, j) ∈ Γ_1 ⇒ p̃′(i − 1, j) p̃′(i, j) ∈ A^1 p̃′(i, j) ∈ Γ_2 ⇒ p̃′(i − 1, j) p̃′(i, j) ∈ A^1 p̃′(i, j) ∈ Γ_3 ⇒ p̃′(i, j) p̃′(i + 1, j) ∈ A^1 p̃′(i, j) ∈ Γ_4 ⇒ p̃′(i, j) p̃′(i + 1, j) ∈ A^1

(P1)

∀p^′ ∈ Γ^{′m,n} p̃′ ∈ A^{∗∗}_2 ⇓ ∀2 ≤ i ≤ m + 1 ∀2 ≤ j ≤ n + 1 p̃′(i, j) ∈ Γ_1 ⇒ p̃′(i, j) p̃′(i + 1, j) ∈ A^2 p̃′(i, j) ∈ Γ_2 ⇒ p̃′(i, j) p̃′(i + 1, j) ∈ A^2 p̃′(i, j) ∈ Γ_3 ⇒ p̃′(i, j) p̃′(i, j) ∈ A^2 p̃′(i − 1, j) ∈ Γ_4 ⇒ p̃′(i − 1, j) p̃′(i, j) ∈ A^2

(P2)

∀p^′ ∈ Γ^{′m,n} p̃′ ∈ A^{∗∗}_3 ⇓ ∀2 ≤ i ≤ m + 1 ∀2 ≤ j ≤ n + 1 p̃′(i, j) ∈ Γ_1 ⇒ p̃′(i, j − 1) p̃′(i, j) ∈ A_3 p̃′(i, j) ∈ Γ_2 ⇒ p̃′(i, j) p̃′(i, j + 1) ∈ A_3 p̃′(i, j) ∈ Γ_3 ⇒ p̃′(i, j) p̃′(i, j + 1) ∈ A_3 p̃′(i, j) ∈ Γ_4 ⇒ p̃′(i, j − 1) p̃′(i, j) ∈ A_3

(P3)

1. (A_1, A_2, A_3) is a 3-tiling satisfying the desired colouring.

Let p^′ ∈ L(A_1, A_2, A_3) be a picture in the 3-tiling. Let a^′ the first letter of p^′, a^′ = p^′(1, 1).

For the moment, we show that the height of p^′ is greater than one. We suppose that its height is one and we show that it leads to a contradiction. By using the properties (P1) and (P2), we can deduce that: # a^′ , a^′ # ∈ A_1 ∪ A_2

Then, according to the property (2), we have: # ψ(a^′) , ψ(a^′) # ∈ Θ The letter a = ψ(a^′) belongs to Γ and by definition of Θ, for all i ∈ {1, 2, 3}, we have a(1, i) = a(3, i) = #. There is a contradiction since this letter does not belong to Γ.

Now that we know that the height of p^′ is greater than one, we are interested in the colouring. We show that the letter a^′ belongs to Γ_1. In fact, a^′ cannot be colored by 2, 3 and 4:

(a) a^′ ∈ Γ_2: we denote by b^′ the letter under a^′. According to (P2), we have: a^′ b^′ ∈ A_2 We know that b^′ belongs to Γ^′ since the height of p^′ is not one, then by definition of A_2, b^′ belongs to Γ_4 and by (P3), we have:

# b^′ ∈ A_3

It is not possible since this dominoes do not appear in A_3 (see definition).

(b) a^′ ∈ Γ_3 ∪ Γ_4: by (P2), we have a contradiction: # a^′ ∈ A_2

Hence, we know that a^′ ∈ A_1. By using the properties (P1), (P2) and (P3), it is easy to show that the rest of the colouring is correct.

2. for each picture p^′ ∈ L(A_1, A_2, A_3) then p = π(p^′) belongs to L.

We denote by (m, n) the size of p^′. It suffices to show the two following properties:

∀1 ≤ i ≤ m + 1, 2 ≤ j ≤ n + 1 p̃(i, j) p̃(i + 1, j) ∈ Δ (V)

∀2 ≤ i ≤ m + 1, 1 ≤ j ≤ n + 1 p̃(i, j) p̃(i + 1, j) ∈ Δ (H) (a) Let 1 ≤ i ≤ m + 1, 2 ≤ j ≤ n + 1 be a position in p̃^′, we show the property (V). We denote by a^′ and b^′ the letters p̃^′(i, j) and p̃′(i + 1, j), respectively. Three cases can happen:

i. a^′ = #. It means that i = 1. Since the colouring is correct, we know that b^′ ∈ Γ_1 ∪ Γ_2 and by using (P1), we have: a^′ b^′ ∈ A_1

ii. a^′ ∈ Γ_1 ∪ Γ_2. We use the property (P2) and deduce that: a^′ b^′ ∈ A_2

iii. a^′ ∈ Γ_3 ∪ Γ_4. We use the property (P1) and deduce that: a^′ b^′ ∈ A_1

In all cases, the vertical domino is in A_1 or A_2. According to (3), the property (V) holds.

(b) Let 2 ≤ i ≤ m + 1, 1 ≤ j ≤ n + 1 be a position in p̃^′, we show the property (H). We denote by a^′ and b^′ the letters p̃^′(i, j) and p̃^′(i, j+1), respectively. The projection of a^′ and b^′ into Γ by ψ (which remove the color) are denoted by a and b respectively. Several cases can happen:

i. a^′ ∈ Γ_2 ∪ Γ_3 or b^′ ∈ Γ_1 ∪ Γ_2. According to (P3) and (3), we have:

a^′ b^′ ∈ A_2 ⇒ π(a^′) π(b^′) = p̃(i, j) p̃(i + 1, j) ∈ Δ

ii. a^′ ∈ Γ_1 and i ≠ m + 1. By using (P2) and (2), we deduce that:

a^′ p̃′(i + 1, j) ∈ A^2 and p̃′(i + 1, j) ∈ Γ_3 a ψ(p̃^′(i + 1, j)) ∈ Θ According to (P3), we have:

p̃′(i + 1, j) p̃′(i + 1, j + 1) ∈ A_3 and p̃′(i + 1, j) ∈ Γ_4 ∪ {#}

ψ(p̃^′(i + 1, j)) ψ(p̃^′(i + 1, j + 1)) ∈ Θ

We denote by c^′ and d^′ the letters of Γ^′ p̃^′(i + 1, j) and p̃^′(i + 1, j + 1). Their image by ψ are respectively denoted by c and d. There are two sub-cases:

A. d^′ = #. It means that j = n + 1 and we have b^′ = #. By definition of Θ, we have: ∀k ∈ {2, 3}, l ∈ {1, 2, 3} a(k, l) = c(k − 1, l) ∀k ∈ {1, 2, 3} c(k, 3) = # It turns out that the letter c have the following shape:

c = a(2, 2) # c(2, 2) # # By definition of Γ, the dominoes which occur in c belong to Δ. We then have:

a(2, 2) # = π(a) # = p̃(i, j) p̃(i + 1, j) ∈ Δ

B. d^′ ∈ Γ_4. According to (P2) and (2), we have: b^′ d^′ ∈ A_2 ⇒ b d ∈ Θ By definition of Θ, we deduce:

c = a(2, 2) b(2, 2) c(2, 2) d(2, 2) d = a(2, 2) b(2, 2) c(2, 2) d(2, 2)

And, by definition of Γ, we have:

a(2, 2) b(2, 2) = π(a) π(b) = p̃(i, j) p̃(i + 1, j) ∈ Δ iii. a^′ ∈ Γ_4 and i ≠ m + 1. Similar to previous case. iv. a^′ ∈ Γ_1 ∪Γ_4 and i = m+1. Similar to previous cases but we take c^′ and d^′ be equals to p̃^′(i − 1, j) and p̃^′(i − 1, j + 1) respectively.

v. a^′ = # and b^′ ∈ Γ_3. Similar to the case 2(b)iiA (where d^′ = #). In all cases we reach to prove that the horizontal domino belongs to Δ, then the property (H) holds.

It shows that {π(p) | p̃ ∈ A^{∗∗}_1 ∩ A^{∗∗}_2 ∩ A^{∗∗}_3 ∩ A^{∗∗}_4 } ⊆ L 3. for a picture p ∈ L, there exists a picture p^′ ∈ π^{−1}(p) such that p̃^′ ∈ A^{∗∗}_1 ∩ A^{∗∗}_2 ∩ A^{∗∗}_3 .

We define a mapping σ from Σ^{∗∗} into Γ^{∗∗}: σ : Σ^{∗∗} −→ Γ^{∗∗} p −→ q ∈ Γ^{∗∗} with size(p^′) = size(p) and:

∀1 ≤ i ≤ col(p) ∀1 ≤ j ≤ row(p) q(i, j) = p̃(i, j) p̃(i, j + 1) p̃(i, j + 2) p̃(i + 1, j) p̃(i + 1, j + 1) p̃(i + 1, j + 2) p̃(i + 2, j) p̃(i + 2, j + 1) p̃(i + 2, j + 2)

Let p be a picture of L. It suffices to take a good colouring q^′ of q = σ(p) to have q̃′ ∈ A^{∗∗}_1 ∩ A^{∗∗}_2 ∩ A^{∗∗}_3 It shows that L ⊆ {π(p) | p̃ ∈ A^{∗∗}_1 ∩ A^{∗∗}_2 ∩ A^{∗∗}_3 ∩ A^{∗∗}_4 } 4. the 3-tiling is strict.

If we add to A_1, A_2 and A_3 a picture a with a ≠ Γ^′, the properties (P1), (P2) and (P3) always hold. Let p^′ ∈ (Γ^′ ∪ {a})^{∗∗} be a picture such that p̃′ ∈ A^{∗∗}_1 ∩ A^{∗∗}_2 ∩ A^{∗∗}_3 If p^′ contains a letters of Γ^′, it is easy to see, by using the properties (P1), (P2) and (P3) that p^′ belongs to Γ^{′∗∗}. Then, (A_1, A_2, A_3) is a strict 3-tiling.

2 We give comments of the proof in order to simplify next proofs. For a picture in the 3-tiling, it corresponds a tiling by A_1, A_2 and A_3. We can associate with this tiling a graph:

Two cells are connected with a vertical full edge if they are covered by a domino of A_1, with a vertical grey doted edge if they are covered by a domino of A_2 and with an horizontal full edge if they are covered by a domino of A_3.

This connections in the graph correspond to vertical and horizontal controls needed in hv-local languages. For missing controls (like between (1, 1) and (1, 2) cells of the previous example), we need to find a bounded path. For instance, in the previous example, we can always find a path of length smaller than 3 ((1, 1) − (2, 1) − (2, 2) − (1, 2) to link (1, 1) and (1, 2)). The fact that there always exists a such path allows us to transmit the needed information puted in letters of the alphabet.

If for all tilings there is some edges which cross the borders of the picture, then the k-tiling is strict.

Theorem 7.6 Let L ⊆ Σ^{∗∗} a picture language. The language L is recognizable if and only if there exist three (finite) sets of (Σ^′ ∪ {#})^{2,2} ∪ { # } denoted by A_1, A_2 and A_3 and a projection π : Σ^′ → Σ such that: L = {π(p) | p̃ ∈ A^{∗∗}_1 ∩ A^{∗∗}_2 ∩ A^{∗∗}_3 }

Proof: Let L_1, L_2 and L_3 be the three picture languages defined by:

L_1 = {p ∈ L | row(p) > 1} L_2 = {p ∈ L | col(p) > 1} L_3 = {p ∈ L | row(p) = col(p) = 1}

It is easy to see that L_1, L_2 and L_3 are recognizable and that L = L_1∪L_2∪L_3. According to Lemma 7.5, there exist two strict 3-tilings (B_1, B_2, B_3) and (C_1, C_2, C_3) and two projection π_1 and π_2 such that

L_1 = π_1(L(B_1, B_2, B_3)) L^R_2 = π_2(L(C_1, C_2, C_3))

By using Assertion 7.2 and Proposition 7.3, we can deduce that there exist a strict 3-tiling (D_1, D_2, D_3) and a projection φ such that

L_1 ∪ L_2 = φ(L(D_1, D_2, D_3))

It remains to show that there exist a 3-tiling (E_1, E_2, E_3) which corresponds to L_3. It suffices to take the sets defined by:

E_1 = { # a | a ∈ L_3} ∪ # E_2 = { # a | a ∈ L_3} ∪ #

E_3 = { a # | a ∈ L_3} ∪ #

By using Proposition 7.4 the theorem holds. 2

In the previous theorem we use three sets of dominoes. Now, we are looking to a characterization with two sets of triminoes.

Lemma 7.7 Let L ∈ hv-Loc(Σ^{∗∗}) be a hv-local picture language containing such that each picture p in L satisfies the following condition:

row(p) > 1 col(p) > 1

size(p) ∉ { (3 + 6n, 6 + 6m), (4 + 6m, 7 + 6m), (6 + 6n, 4 + 6m), (7 + 6n, 3 + 6m), (7 + 6m, 5 + 6m) | n, m ∈ IN }

(C) There exist a strict 2-tiling with two (finite) sets of pictures of (Σ^′ ∪{#})^{1,3}∪ (Σ^′ ∪ {#})^{1,2} ∪ (Σ^′ ∪ {#})^{3,1} ∪ (Σ^′ ∪ {#})^{2,1} ∪ { # } denoted by A_1 and A_2, and a projection π : Σ^′ → Σ such that:

L = π(L(A_1, A_2))

Proof: We just give the idea of the proof which is very similar to the proof of Lemma 7.5. The tiling by A_1, which contains vertical triminoes and dominoes will begin on the second row for even column and on first row for odd column. The tiling by A_2, which contains horizontal triminoes and dominoes will begin on the first column for even column and on second column for odd column.

Hence the graph associated to a tiling is like this:

This graph is always connected for pictures satisfying the condition (C) and there exists always a path of length smaller than 9 which links two adjoining cells.

For pictures which do not satisfy the condition, the graph is not connected. For instance, a picture of size (4, 7), we have:

The cell in (4, 7) cannot be linked with the cell (3, 7). 2

Lemma 7.8 Let L ∈ hv-Loc(Σ^{∗∗}) be a hv-local picture language containing only pictures of height one. There exist a strict 2-tiling with two (finite) sets of pictures of (Σ^′ ∪ {#})^{1,3} ∪ (Σ^′ ∪ {#})^{1,2} ∪ (Σ^′ ∪ {#})^{3,1} ∪ (Σ^′ ∪ {#})^{2,1} ∪ { # } denoted by A_1 and A_2, and a projection π : Σ^′ → Σ such that:

L = π(L(A_1, A_2))

Proof: We give the construction with two examples. The tiling depends of the parity of the width:

Full lines represent tiles of A_1 and doted grey lines represent tiles of A_2. 2

Theorem 7.9 Let L ⊆ Σ^{∗∗} a picture language. The language L is recognizable if and only if there exist two (finite) sets of (Σ^′ ∪ {#})^{1,3} ∪ (Σ^′ ∪ {#})^{1,2} ∪ (Σ^′ ∪ {#})^{3,1} ∪ (Σ^′ ∪ {#})^{2,1} ∪ { # } denoted by A_1 and A_2 and a projection π : Σ^′ → Σ such that: L = {π(p) | p̃ ∈ A^{∗∗}_1 ∩ A^{∗∗}_2 }

Proof: Let L_1, L_2 and L_3 be the three picture languages defined by:

L_1 = {p ∈ L | p satisfies (C)} L_2 = {p ∈ L | p^R satisfies (C)} L_3 = {p ∈ L | row(p) = 1} L_4 = {p ∈ L | col(p) = 1}

It is easy to see that this languages are recognizable and that L = L_1 ∪ L_2 ∪ L_3 ∪ L_4. Lemma 7.7 allows us to construction two strict 2-tilings corresponding to L_1 and L^R_2 respectively. And by using Lemma 7.8 we can construct two string 2-tilings corresponding to L_3 and L^R_4 respectively.

It suffices to apply Assertion 7.2 and Proposition 7.3 to obtain the result. 2 8 Conclusion

We succeed in characterizing recognizable picture languages with three sets of dominoes or with two sets of triminoes. Despite to the fact that it is not shown, it seems to be difficult to obtain the same result with two sets of dominoes. Nevertheless, we have some hope to obtain a characterization using a set of triminoes and a set of dominoes.

Acknowledgments. The author would like to thank Michel Latteux and Julien Cervelle for their helpfull comments.

References

[1] D. Beauquier and M. Nivat. Tiling the plane with one tile. In Proc. 6th Annual Symposium on Computational Geometry (SGC’90), pages 128–138, Berkely, CA, 1990. ACM Press.

[2] D. Beauquier and M. Nivat. Tiling pictures of the plane with two bars, a horizontal and a vertical one. Technical Report 91.67, L.I.T.P., Univ. Paris 7, France, 1991.

[3] J. Berstel. Transductions and Context-Free Languages. Teubner Studienbücher, Stuttgart, 1979.

[4] K. Culik II, F. E. Fich, and A. Salomaa. A homomorphic characterization of regular languages. Discrete Appl. Math., 4:149–152, 1982.

[5] S. Eilenberg. Automata, Languages and Machines, volume A. Academic Press, New York, 1974.

[6] D. Giammarresi and A. Restivo. Recognizable picture languages. International Journal Pattern Recognition and Artificial Intelligence, 6(2-3):241– 256, 1992. Special Issue on Parallel Image Processing. M. Nivat, A. Saoudi and P.S.P. Wangs (Eds.).

[7] D. Giammarresi and A. Restivo. Two-dimensional finite state recognizability. Fundamenta Informaticae, 25(3-4):399–422, 1996. Special issue: Formal Language Theory.

[8] D. Giammarresi and A. Restivo. Two-dimensional languages. In A. Salomaa and G. Rozenberg, editors, Handbook of Formal Languages, volume 3, Beyond Words, pages 215–267. Springer-Verlag, Berlin, 1997.

[9] D. Giammarresi, A. Restivo, S. Seibert, and W. Thomas. Monadic secondorder logic over rectangular pictures and recognizability by tiling systems. Information and Computation, 125(1):32–45, 1996.

[10] S. W. Golomb. Tiling with polyominoes. Journal of Combinatorial Theory, 1:280–296, 1966.

[11] S. W. Golomb. Tiling with sets of polyominoes. Journal of Combinatorial Theory, 9:60–71, 1970.

[12] B. Grünbaum and G. C. Shepard. Tilings and Patterns. W. H. Freeman and Company, New York, 1986.

[13] K. Inoue and I. Takanami. A characterization of recognizable picture languages. In Proc. 2nd International Colloquium on Parallel Image Processing, volume 654 of Lecture Notes in Computer Science, pages 133–143. Springer-Verlag, Berlin, 1991.

[14] J. Karhumäki and M. Linna. A note on morphic characterization of languages. Discrete Appl. Math., 5:243–246, 1983.

[15] M. Latteux and J. Leguy. On composition of morphisms and inverse morphisms. Lecture Notes in Computer Science, 154:420–432, 1983.

[16] M. Latteux and D. Simplot. Recognizable picture languages and domino tiling. Theoretical Computer Science, 178(1-2):275–283, 1997. Note.

[17] K. Lindgren, C. Moore, and M. Nordahl. Complexity of two-dimensional patterns. Technical Report 97–03–023, Santa Fe Institute, Unit. States, 1997.

[18] O. Matz. Regular expressions and context-free grammars for picture languages. In Proc. 14th Annual Symposium on Theoretical Aspects of Computer Science (STACS’97), volume 1200 of Lecture Notes in Computer Science, pages 283–294, Lübeck, Germany, 1997. Springer-Verlag, Berlin.

[19] P. Turakainen. A homomorphic characterization of principal semi-AFLs without using intersection with regular sets. Information Sciences, 27:141– 149, 1982.